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The local Gromov-Witten invariants of 
configurations of rational curves 

Dagan Karp 
Chiu-Chu Melissa Liu 
Marcos Marino 

We compute the local Gromov-Witten invariants of certain configurations of rational 
curves in a Calabi-Yau threefold. These configurations are connected subcurves 
of the "minimal trivalent configuration", which is a particular tree of P 1 's with 
specified formal neighborhood. We show that these local invariants are equal to 
certain global or ordinary Gromov-Witten invariants of a blowup of P 3 at points, 
and we compute these ordinary invariants using the geometry of the Cremona 
transform. We also realize the configurations in question as formal toric schemes 
and compute their formal Gromov-Witten invariants using the mathematical and 
physical theories of the topological vertex. In particular, we provide further evidence 
equating the vertex amplitudes derived from physical and mathematical theories of 
the topological vertex. 

14N35; 53D45 



1 Introduction 

Let Z be a closed subvariety of a smooth projective threefold X such that X is a local 
Calabi-Yau threefold near Z. In some cases, the contribution to the Gromov-Witten 
invariants of X by maps to Z can be isolated and defines local Gromov-Witten invariants 
of Z in X. Information obtained from the study of local Gromov-Witten theory can 
be used to gain insight into Gromov-Witten theory in general. This has led to a great 
amount of interest in the subject. 

The study of the local invariants of curves in a Calabi-Yau threefold has a particularly 
rich history. Their study goes back to the famous Aspinwall-Morrison formula for 
the local invariants of a single P 1 smoothly embedded in a Calabi-Yau threefold with 
normal bundle 0{— 1) © 0{— 1); this result is studied by Aspinwall and Morrison 
[3], Cox and Katz [9], Faber and Pandharipande [10], Kontsevich [18], Lian, Liu 
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and Yau [23], Manin [27], Pandharipande [31], and Voisin [32]. The local invariants 
of nonsingular curves of any genus have been completely determined by Bryan and 
Pandharipande [7, 8, 6]. In [5], Bryan, Katz and Leung computed local invariants of 
certain rational curves with nodal singularities, and in particular, contractible ADE 
configurations of rational curves. The local invariants of the closed topological vertex, 
which is a configuration of three P 1 's meeting in a single triple point, were computed 
by Bryan and the first author [4]. 

In this paper, we will compute local invariants of certain configurations of rational 
curves. The configurations considered in this paper are all connected subtrees of the 
minimal trivalent configuration, which is a configuration of three chains of P 1 's meeting 
in a triple point (see Figure 1 below). A precise description of the formal neighborhood 
will be given in Section 3. 



Figure 1: The minimal trivalent configuration Y N = M U ^« U Ci- The normal bundles 
of Ai,Bi, Ci are isomorphic to 0(— 1) © 0{— 1); the normal bundle of any other irreducible 
component is isomorphic to O © 0(— 2). 



1.1 Local Gromov-Witten invariants 

Let Z C X be a closed subvariety of a smooth projective Calabi-Yau threefold. Let 
M g (X, d) denote the stack of genus g stable maps to X representing d G H2(X, Z). It 
is a Deligne-Mumford stack with a perfect obstruction theory of virtual dimension zero 
which defines a virtual fundamental zero-cycle [Ai g (X, d)] vir . 

Whenever the substack M. g (Z) consisting of stable maps whose image lies in Z is a 
union of path connected components of M. g {X, d), it inherits a degree-zero virtual class. 
The genus-g local Gromov-Witten invariant of Z in X is defined to be the degree of 
this virtual class, and is denoted by N 8 A {Z C X). We write N g A {Z) when the formal 
neighborhood is understood. 
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We will consider genus g, degree d local Gromov-Witten invariants N^(Y N ), where 

N 



For simplicity, we write d = (di , d2, da) where d, = (d^i, . . . , rf,yv). In this paper, we 
always assume d is effective in the sense that cLq > . We will show that the local 
invariants N^(Y N ) are well defined in the following cases: 

(i) (The minimal trivalent configuration) d\ t \ = c/2,1 =^3,1 = 1. 

(ii) (A chain of rational curves) d\ t \ > 0, d%j = d$j = for 1 < j < N. 

We will see in Section 3 that the formal neighborhood of Y N has a cyclic symmetry, 
so one can cyclically permute di , d2, d3 in Case (ii). We show that in the above cases 
the local invariants N^(Y ) are equal to certain global or ordinary Gromov-Witten 
invariants of a blowup of P 3 at points (Section 4), and we compute these ordinary 
invariants using the geometry of the Cremona transform (Section 2). To state our results, 
define constants C g by 



d = 12( dl J [A i ] + d2 J [B J ] + e H 2(Y N ; Z). 



(1) 




Theorem 1 (The minimal trivalent configuration) Suppose that 



di,i — d2,i — c?3,i — 1- 



Then 




Theorem 2 (A chain of rational curves) Suppose that 



di = (du ••• ,d N ), d 2 



d 3 = (0,...,0) 



where d\ > 0. Then 



( 



ifd\ = d2 = 
dk+\ = <4_t_2 
otherwise. 



du = d > and 

= dw = for some 1 < k < N 



N 8 d (Y N ) = { 



C g d 2 s- 3 
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Our results are new and add to the list of configurations of rational curves for which the 
local Gromov-Witten invariants are known. 

The configuration in Theorem 2 is an curve. It is interesting to compare Theorem 2 
with the result for a generic contractible An curve E = E\ U • • ■ U En from Bryan- 
Katz-Leung [5, Proposition 2.10]: 

Fact 1 (A generic contractible An curve [5]) Assume di > for i = 1, . . . ,N. 
Let N g {d\ , . . . , d^) denote genus g local Gromov-Witten invariants of E in the class 
T,f =l dj[Ej]. Then 



NJdi ,...,d N ) 



C g d 2g ~ 3 di = ■ ■ ■ = d N = d > 0, 



otherwise. 



Note that Y l is the closed topological vertex. By the results in Faber-Pandharipande 
[10] and Bryan-Karp [4], di d (F 1 ) is defined in the following cases: 

(iii) (Super-rigid P 1 ) d\ > 0, d2 = d^ = (and its cyclic permutation). 

(iv) (The closed topological vertex) ^1,^2,^3 > 0. 

Fact 2 (Super-rigid P 1 [10]) Suppose that d>0. Then 

N 8 dfl ,o(Y l ) = K AQ (Y l ) = N^ d {Y l ) = C g d 2 *-\ 

Fact 3 (The closed topological vertex [4]) Suppose that di,d2,d^ > 0. Then 

N g ,yu = \ C g d 2 z- 3 d x = d 2 = d 3 = d > 0, 
dud 2 A { ) o otherwise. 



1.2 Formal Gromov-Witten invariants 

The minimal trivalent configuration Y N together with its formal neighborhood is a 
nonsingular formal toric Calabi-Yau (FTCY) scheme Y N . The formal Gromov-Witten 
invariants N S A {Y N ) of Y N are defined for all nonzero effective classes (see Section 5.1 
and Bryan-Pandharipande [6, Section 2.1]). Moreover, 

N g A (Y N ) = N s a (Y N ) 

in all the above cases (i)-(iv). Introduce formal variables A, tjj and define 
Z N (X; t) = exp (J2 E ^ 8 -%A(Y N )e- ,i - t ) 

g>0 d 
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where d runs over all nonzero effective classes, and 

3 N 

t = (ti , t 2 , t 3 ), t, = (t it i t i>N ), d t= EE dijtij. 

i=l 7=1 

We call Zv(A; t) the partition function of formal Gromov-Witten invariants of Y N . It is 
the generating function of disconnected formal Gromov-Witten invariants of Y N . 

In Section 5, we will compute Zv(A; t) by the mathematical theory of the topological 
vertex (see Li-Liu-Liu-Zhou [22]) and get the following expression (Proposition 17): 

(2) Z N (X;t) = e ,J± * £ £ * ' '■') 

\i=l ;=1 2<k,<k 2 <N ' 

3 

ft i=\ 

where p = (fi l , fi 2 , /i 3 ) is a triple of partitions, q = e^~^ x , [n] = q n l 2 — q~ n l 2 . 
The precise definitions of Wn(q) and s^yiu'iq, t,)) will be given in Section 1.3. In 
particular, we will show that 

(3) Zi(A;t) ^^[[(-l) 1 ^- 1 ^^,.^) = exp (f^ 

p, i=l \n=l / 

where t = (fi,f2i*3)» VV M (<7) is defined by (9) in Section 1.3, and 

(4) Qn(t) = 

e -nt\ + e -nt2 _|_ e -nt 3 _ g -n(fi+f 2 ) _ e ~n(t 2 +t 3 ) _ g -n(f 3 +fi) _|_ g-"(/l+f2+f3)_ 

In Section 6, we will compute Zv(A;t) by the physical theory of the topological 
vertex (see Aganagic-Klemm-Marino-Vafa [2]) and get the following expression 
(Proposition 20): 

, oo 3 \ 

(5) Z,(A;t) = exp E^E E e-**+""*A 

\,= 1 ,=1 2<ki<k 2 <N ' 

3 

fl 1=1 

where Wn(q) is defined by (8) in Section 1.3. In particular, we will show that 
(Proposition 19): 

(6) Zi(A;t) = Y,WMU(- l ^ e ~^WW® = ex P (E 

a 1=1 Vn=l " L " J / 
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The equivalence of the physical and mathematical theories of the topological vertex 
boils down to the following combinatorial identity: 



It is known that (7) holds when one of the three partitions is empty (see the work of Li, 
C-C M Liu, K Liu and Zhou [24, 22]). When none of the partitions is empty, Klemm 
has checked all the cases where |//| < 6 by computer. Up to now, a mathematical 
proof of (7) in full generality is not available. Equations (3) and (6) imply the following 
result. 

Theorem 3 



Theorem 3 provides further evidence of (7) equating the vertex amplitudes derived from 
physical and mathematical theories of the topological vertex. 

1.3 The topological vertex 

In [2], Aganagic, Klemm, Marino, and Vafa proposed that Gromov-Witten invariants of 
any toric Calabi-Yau threefold can be expressed in terms of certain relative invariants 
of its C 3 charts, called the topological vertex. They suggested that these local relative 
invariants should count holomorphic maps from bordered Riemann surfaces to C 3 where 
the boundary circles are mapped to three explicitly specified Lagrangian submanifolds 
L\,L2,Lj. The topological vertex depends on three partitions fl = (p,\ , p% y p$), where 
p' corresponds to the winding numbers (the homology classes of boundary circles) 
in Li . There is a symmetry on C 3 cyclically permuting L\ , Li , Lj , so one expects the 
topological vertex to be symmetric under a cyclic permutation of the three partitions 

/il,/X 2 ,/U 3 . 

In [2] the topological vertex was computed by using the conjectural relation between 
open Gromov-Witten invariants on toric Calabi-Yau threefolds and Chern-Simons 
invariants of knots and links. It has the following form: 



(V) 



3 



3 



(=1 



(8) 
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In (8), p} denotes the partition transposed to p. The expression (8) involves various 
quantities that we now define. k m is given by 

k m = fijipi - 2i + 1). 
i 

The coefficients cfu, are Littlewood-Richardson coefficients. They can be defined in 
terms of Schur functions as follows 

p 

Here, Schur functions are regarded as a basis for the ring A of symmetric polynomials 
in an infinite number of variables. The quantity W^(q) can be also defined in terms of 
Schur functions as follows: 

(9) W,*(q) = s ll (xt = q- i+ i). 
One can show that 

(10) VIVO?) = q-^ ,2 W^q). 
We also define, in analogy to skew Schur functions, 
(ID W M/ ^) = ^< A W A (<7). 

A 

Finally, W^iq) is defined by 

(12) W^(q) = q K ^ 2+K ^ 2 W v t/\{qWv>l\{qY 

A 

This expression for W^ v (q) is different from the one used originally in [2]. The fact 
that both agree follows from cyclicity of the vertex, and it has been proved in detail 
by Zhou [33]. The expression for the vertex in terms of Schur functions is given in 
Okounkov-Reshetikhin-Vafa [30] where the cyclicity of the vertex is also proved. 

In Li-Liu-Liu-Zhou [22] the topological vertex was interpreted and defined as local 
relative invariants of a configuration C\ U C2 U C3 of three P 1 's meeting at a point po 
in a relative Calabi-Yau threefold (Z, Di , D 2 , D 3 ), where K z + Oi +D 2 + D3 ^ O z , 
Ci intersects D, at a point /?,• 7^ po, and Q n Dj is empty for i ^ j. The partition p} 
corresponds to the ramification pattern over pi . It is shown in [22] that Gromov-Witten 
invariants of any toric Calabi-Yau threefold (or more generally, formal Gromov-Witten 
invariants of formal toric Calabi-Yau threefolds) can be expressed in terms of local 
relative invariants as described above, and the gluing rules coincide with those stated 
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in Aganagic-Klemm-Marino-Vafa [2] . The following expression of the vertex was 
derived in [22] : 

(13) % ? ) = ? - ( V-VM 2 £ c^c^c^ 

■ q ( - 2K » + - K -^ ),2 W„ + Aq) E -X, 1 (^)X,3(2a). 
Here 2cr = (2a\ > 2cr 2 > • • • ) if cr = (<J\ > o"2 > • ■ • ). Recall that 

where m,- = m;(<j) is the number of parts of the partition a equal to i (see Macdonald 
[26, p. 17]). 

It is expected that the two different enumerative interpretations in [2] and in [22] of 
the vertex give rise to equivalent counting problems, in the spirit of the following 
simple example: counting ramified covers of a disc by bordered Riemann surfaces with 
prescribed winding numbers is equivalent to counting ramified covers of a sphere by 
closed Riemann surfaces with prescribed ramification pattern over oo . 

Finally, we introduce some notation which will arise in computations in Section 6. For 
any positive integer n , define 

1 N 

(14) 4( 9 ,tf) = — (l + ^e-"^+-+^). 

k=2 

Given a partition \i = (p,\ > \ii > ■ ■ ■ > m > 0), define 

e 

(15) u^td = ]\u i n {q,t i ). 

7=1 

and 

(16) Sf ,(u\q,td) = Y, ^~<(q,W- 
In particular, when /V = 1 , we have 

= [>-] 



i>0 

So 

(17) sJuXq, t;)) = sJ Xi = q-'+h = WJq). 
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2 Cremona 

In this section we prove Theorems 1 and 2 using the geometry of the Cremona transform. 
We assume that the formal neighborhood Y N C X is as constructed in Section 3. We 
also assume that the local invariants of Y N are equal to certain ordinary invariants of X, 
which we prove in Section 4. 

2.1 The blowup of CP 3 at points 

We briefly review the properties of the blowup of P 3 at points used here for completeness 
and to set notation. This material can be found in much greater detail in, for instance, 
Griffiths-Harris [13]. 

Let X —>■ P 3 be the blowup of P 3 along M distinct points {pi, . . . ,Pm] ■ We describe 
the homology of X. All (co)homology is taken with integer coefficients. Note that 
we may identify homology and cohomology as rings via Poincare duality, where cup 
product is dual to intersection product. 

Let H be the total transform of a hyperplane in P 3 , and let E{ be the exceptional divisor 
over pi. Then H^X, Z) has a basis 

H 4 (X) = (H,E U ...,E M ) . 

Furthermore, let h € H2(X) be the class of a line in H, and let e, be the class of a line 
in E{. The collection of all such classes form a basis of H2QC). 

H2(X) = (h,ei,.. .,e M ) 

The intersection ring structure is given as follows. Let pt G Hq(X) denote the class of a 
point. Two general hyperplanes meet in a line, so H ■ H = h. A general hyperplane and 

Qeometry & Topology 10 (2006) 



124 



Karp, Liu and Marino 



line intersect in a point, so H ■ h = pt. Also, a general hyperplane is far from the center 
of a blowup, so all other products involving H or h vanish. The restriction of Ox(Ei) to 
E, = F 2 is the dual of the bundle P 2(1), so • Ej is represented by minus a hyperplane 
in Ei, i.e. • Ei = —a, and Ef = (—l) 3 ~ l pt = pt (see Fulton [11]). Furthermore, the 
centers of the blowups are far away from each other, so all other intersections vanish. 
In summary, the following are the only non-zero intersection products. 



H ■ H = h H-h=pt 
Ei ■ Ei = -a Ei ■ ei = -pt 



Also, we point out the that the canonical bundle Kx is easy to describe in this basis: 

M 



K x = -4H + 2J2 E i 



1=1 



Finally, we introduce a notational convenience for the Gromov-Witten invariants of P 3 
blown up at points in a Calabi-Yau class. Any curve class is of the form 



M 



(3 = dh — ^2 a i e i 



7=1 



for some integers d, a, where d is non-negative. Thus Kx ■ (3 = if and only if 
2d = Yl?=\ a i- Inthat 

case, the virtual dimension of A4 g (X, /3) is zero, and 



01 



1 



[M S (XM V 



is determined by the discrete data {d, ai, . . . , am} ■ Then, we may use the shorthand 
notation 

( )e,3 = {d;ai,.. . ,am)5 • 



For example, 



()g,5h-e l -e 2 -2e 3 -3e 5 -3e 6 ~ (5; 1, 1, 2, 0, 3, 3} g . 



Furthermore, the Gromov-Witten invariants of X do not depend on ordering of the 
points pi, and thus for any permutation a of M points, 



(d;ai, . . . ,aM)5 — {d;a a (i), . . . ,a a (M)} 
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2.2 Properties of the invariants of the blowup of P 3 at points 

First, we use the fact, shown in Bryan-Karp [4], that the Gromov-Witten invariants of 
the blowup of P 3 along points have a symmetry which arises from the geometry of the 
Cremona transformation. 

Theorem 4 (Bryan-Karp [4]) Let (5 = dh - Y!f=\ atfi with 2d = Ya=\ a i and 
assume that a; ^ for some i > 4. Then we have the following equality of 
Gromov-Witten invariants: 

( )g,/3 = ( )g,P> 
where f3' = d'h — Ylf= \ a 'i e i has coefficients given by 



d' = 


3d- 


2(a\ + a2 + «3 + a\) 


1 

a x = 


d- 


(a 2 + «3 + a*) 


a' 2 = 


d- 


{a\ + a 3 + a 4 ) 


i 

a 3 = 


d- 


(ai + «2 + «4) 


i 

a 4 = 


d- 


(ai +a 2 + aj,) 


i 

a 5 = 


a 5 




i 

a M — 


aM- 





We also use the following vanishing lemma, and a few of its corollaries. 

Lemma 5 Let X be the blowup of P 3 at M distinct generic points {x\ , . . . , xm} , and 
(3 = dh — Yli=i a i e i with 2d = Yli=i a i> an d assume that d > and a, < for some i. 
Then 

M g (X,/3) = ®. 

Corollary 6 For any M points {x\ , . . . , xm) and X and (3 as above the corresponding 
invariant vanishes; 

< fa = °" 

This follows immediately from the deformation invariance of Gromov-Witten invariants 
and Lemma 5. 
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Proof In genus zero, Lemma 5 follows from a vanishing theorem of Gathmann [12, 
Section 3]. In order to prove Lemma 5, for arbitrary genus, it suffices to show that the 
result holds for a specific choice of points, as if the moduli space is empty for a specific 
choice, then it is empty for the generic choice. By choosing some of the points to be 
coplanar, and the rest to also be coplanar on a second plane, the result follows. For 
further details, see Karp [17]. □ 

Corollary 7 LetX be the blowup of P 3 along M points and define (3 = dh — Ylh=i a i e i 
where 2d = Yl!f= \ a i m ^ d > 0. Also define 

X' 

to be the blowup of X at a generic point p, so that X' is deformation equivalent to the 
blowup of P 3 at M + 1 distinct points. Let {hf, e\ , . . . , e' M+l } be a basis of H2(X') , 
and let ft = dh' - Yl?=i Then 

(d;ai,...a M ,0)* = (d; a\ , . . . , a M ) x g 

Proof This result follows from the more general results of Hu [14]. An independent 
proof using Lemma 5 can be found in Karp [17]. □ 



2.3 Proof of Theorem 1 

Let the blowup space X N+1 and the minimal trivalent configuration Y N be as constructed 
in Section 3 on page 128. By Proposition 8 on page 133 we have 

KiY N ) = ( C l • 

Assume that the invariant is non-zero: 

( )g,A = (3 ; I; 1- d\ t 2, ■ ■ ■ ,di t N-l — dlfl, d\ t N , 
1,1— ^2,2, • • • ,^2,JV-1 — d2,N,d2,N, 
1,1 — ^3,2, • • • ,«3^V-1 — ^Nj^W/g 

Then, by Corollary 6 , the coefficient of each ei,fi,gi is non-negative. Thus, for 

i = 1,2,3, 

(18) 1 > <*i, 2 > • • • > <*«w > 0. 
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Therefore we compute 

()f d +1 =(3; 1,0,..., 0,1, 
1,0,. ..,0,1, 
1,0, ... ,0, 1)J 
= (3;l,l,l,l,l,l)f , 
where the last equality follows from Corollary 7. So when (18) holds, we have 

N g A (Y N ) = Nf Al (Y l ) = C g . 
The last equality follows from Fact 3 (see Bryan-Karp [4]). □ 

2.4 Proof of Theorem 2 

Let the blowup space X N+l and the chain of rational curves Y% be as constructed in 
Section 3 on page 130. By Proposition 10 on page 138 we have 

Nl(Y N )=Nl(Y») = ()Z +1 

where 

di = (du---,d N ), d 2 = d 3 = (0, . . . ,0). 
Assume that the invariant is non-zero: 

( )g,d = {d\\d\,d\ — d 2 , • • • ,diy-i — dN,dN}* / 0. 
By Corollary 6 the multiplicities are decreasing: 

d\ > d 2 > ■ ■ ■ > d N > 
Therefore, as d\ > 0, there exists some 1 <j<N such that 

d\ > • ■ ■ > dj > 0, dj + \ = • • • = dff = 0. 
Then, using Corollary 7, we compute 

N 8 A (Y N ) = (dududy -d 2 ,...,d j . l -dj,0,...0)f + ' 



= (dr, di, d\ - d 2 , . ■ ■ , - dj, dj)* J+i . 
Note that for any 1 < i < j + 1 we may reorder 

{d\ ;d\,d\ — d 2 , ■ ■ ■ , dj^i — dj, dj) x g = 

(d\ \d\,d\, dj — di+i, 0, 0, d\ — d 2 , . . . 

. . . , di- 2 — di-i, d{ + i — dj +2 , . . . ,dj-\ — dj, dj] 



XJ+l 



Qeometry & Topology 10 (2006) 



128 



Karp, Liu and Marino 



Applying Cremona invariance (Theorem 4) we compute 

— da, ■ ■ ■ ,dj-i — dj, dj)* . 

Then, by Corollary 6, > Since this inequality holds for every 1 < i <j we 
have d\ < ■ ■ ■ < dj. Therefore 

d\ = ■ ■ ■ = dj = d. 

Thus we have 

()f d +1 = ( < /;d } 0,...,0,d)f fl 
= (d;d,d)* 

= C g d 2 ^ 

The last equality follows from Faber-Pandharipande [10]. □ 



3 Construction 

We construct these configurations as subvarieties of a locally Calabi-Yau space X N+l , 
which is obtained via a sequence of toric blowups of P 3 : 

X N + l 7rjv+ ' ) x n ^It> . . . —L> x l -^-> X° = P 3 

In fact, X' +l will be the blowup of X' along three points. Our rational curves will 
be labeled by A,-, S,-, C,, where 1 < i < N, reflecting the nature of the configuration. 
Curves in intermediary spaces will have super-scripts, and their corresponding proper 
transforms in X will not. 

The standard torus T = (C x ) 3 action on P 3 is given by 

(h , h, h) • (xo ■ x\ : x 2 : x 3 ) i-> (x : t\x\ : t 2 x 2 : t 3 x 3 ). 

There are four T-fixed points in X°: = P 3 ; we label them po = (1: 0: 0: 0), 
qo = (0: 1: 0: 0), r = (0: 0: 1: 0) and s = (0: 0: 0: 1). Let A , B° and C° 
denote the (unique, T-invariant) line in X° through the two points {po, so} , {qo, so} 
and {ro, so}, respectively. 
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Define 

X 1 ^X° 

to be the blowup of X° at the three points {po, qo, ro} , and let A 1 , B l , C 1 C X 1 be the 
proper transforms of A°,B° and C°. The exceptional divisor in X 1 over po intersects 
A 1 in a unique fixed point; call it p\ G X 1 . Similarly, the exceptional divisor in X 1 also 
intersects each of B 1 and C 1 in unique fixed points; call them q\ and t\ . 




Figure 2: The T -invariant curves in X 2 



Now define 

X 2 ^X l 

to be the blowup of X 1 at the three points {p\,q\,r{\ , and let A 2 ,B 2 ,C 2 C X 2 be 
the proper transforms of A l ,B l ,C l . The exceptional divisor over p\ contains two 
T-fixed points disjoint from A 2 . Choose one of them, and call it p% ; this choice is 
arbitrary. Similarly, there are two fixed points in the exceptional divisors above q\ , r\ 
disjoint from B\, Cy. Choose one in each pair identical to the choice of p2 and call 
them q2 and r2 (identical makes sense here as the configuration of curves in Section 3 
is rotationally symmetric). This choice is indicated in Section 3. Let A 2 denote the 
(unique, T-invariant) line intersecting A 2 and p2- Define B\, C\ analogously. 

Clearly X 2 is deformation equivalent to a blowup of P 3 at six distinct points. The 
T-invariant curves in X 2 are depicted in Section 3, where each edge corresponds to a 
T-invariant curve in X 2 , and each vertex corresponds to a fixed point. 

We now define a sequence of blowups beginning with X 2 . Fix an integer N > 2 . For 
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Figure 3: The T -invariant curves in X 3 



each 1 < i < N, define 

X i +l 

to be the blowup of X 1 along the three points pi, qi, r, . Let Aj +1 C X 1+l denote the 
proper transform of Aj for each 1 <j < i. The exceptional divisor in X l+X above pi 
contains two T-fixed points, choose one of them and call it pi + \ . Similarly choose 
r,+i , and define A-^J c X' +1 to be the line intersecting A- +1 and pt+i, with 
def i ned similarly- The T-invariant curves in X are shown in Figure 3. 

Finally, we define the minimal trivalent configuration Y N C X N+i by 

Y N = |J Aj U Bj U Cj, 

l<j<N 

where 

Aj=Af +l , Bj = B? + \ Cj = Cf +l . 

The configuration Y N is shown in Figure 3, along with all other T-invariant curves in 
X N+l . It contains a chain of rational curves: 

Y% =Aj U ••• UA N . 

3.1 Homology 

We now compute H*(X N+ , Z) and identify the class of the configuration [Y ] G 
H2(X N+i , Z). All (co)homology will be taken with integer coefficients. We denote 
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h- )\ -gi 




Figure 4: The T-invariant curves in X N+l 

divisors by upper case letters, and curve classes with the lower case. In addition, we 
decorate homology classes in intermediary spaces with a tilde, and their total transforms 
in X N are undecorated. 

Let E\,F\,G\ G H^{X l ) denote the exceptional divisors in X 1 — > X° over the points 
po, qo and ro, and let E\,F\,G\ 6 Hn{X) denote their total transforms. Continuing, for 
each 1 < i < N + 1 , let £",-, F,-, G, G H^{X l ) denote the exceptional divisors over the 
points pi-\,qi-\, r,_i and let Ei,Fi, G, € H$(X) denote their total transforms. Finally, 
let H denote the total transform of the hyperplane in X° = P 3 . The collection of all 
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such classes {H, Ej, Fj, Gi} , where 1 < i < N + 1 , spans H^{X N+ ) 



Similarly, for each 1 < i < N + 1 , let ei,fi,gi S H2(X' +l ) denote the class of a line 
in Ei,Fi,Gi and let et,fi,gi £ denote their total transforms. In addition, let 

A G H%(X + ) denote the class of a line in //. Then H2(X + ) has a basis given by 

The intersection product ring structure is given as follows. Note that X N+l is deformation 
equivalent to the blowup of P 3 at distinct points. Therefore, these 



H 


■H = h 


H 


■ h 


= pt 


Ei 


Ei = -ei 


E>- 


e, 


= ~Pt 


Fi 


Fi = -fi 


Fi 


■fi 


= ~Pt 


Gi- 


Gi = -gi 


Gi- 


gi 


= ~Pt 



are all of the nonzero intersection products in H*{X N+l ). 

In this basis, the classes of the components of Y N are given as follows. 

I h — e\ — e2 if i = 1 
[ej — otherwise 

\h-fi-f 2 if/=l 
[fi -fi+i otherwise 

\h-g\-g2 if/ = l 
[gi ~ gi+\ otherwise 



[A,] 
[Bi] 
[Q] 



To see this, recall that A\ is the proper transform of a line through two points which 
are centers of a blowup, and that A, , for i > 1 , is the proper transform of a line in an 
exceptional divisor containing a center of a blowup. B, and C, are similar. 



4 Local to global 

In this section, we will show that the local invariants N^(Y) are equal to the ordinary 
invariants ( )^ d + in case Y is either the minimal trivalent configuration Y N or the chain 
of rational curves Y% defined in Section 3. 
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4.1 The minimal trivalent configuration 

Proposition 8 Letf : E — > X N+l represent a point in M g {X N+1 , d) , where 

1 = di t i > ■ ■ ■ > d ijN > 0. 
Then the image off is contained in the minimal trivalent configuration 

Y N = |J AjUBjUCj. 

l<j<N 

Proof We use the toric nature of the construction. Assume that there exists a stable 
map 

\f: £ -^X N+i ] G M g (X N+1 ,d) 

such that Imf/) <f_ Y N . Then there exists a point G \m(f) such that p ^ Y N . 

Recall that T-invariant subvarieties of a toric variety are given precisely by orbit 
closures of one-parameter subgroups of T . So in particular the limit of p under the 
action of a one-parameter subgroup is a T-fixed point. Moreover, since p qLY N , there 
exists a one-parameter subgroup ip: C x — > T such that 

lim tp(t) • p = q 
t->0 

where g is T-fixed and q ^ Y N . 

The limit of tp acting on [f] is a stable map /' such that q G Im^') . It follows that g 
is in the image of all stable maps in the orbit closure of [/"'] . Thus, there must exist 
a stable map \f" : £ -> X A '+ 1 ] G JR S (X A '+ 1 , d) such that Im(/") is T-invariant and 
InK/") y*. 

We show that this leads to a contradiction. Let F denote the union of the T-invariant 
curves in X N+1 ; it is shown above in Figure 3. We study the possible components of F 
contained in the image of f" . 

Note that the push forward of the class of £ is given by 

N-l 

/"[£] = 3h - e x - ^(dij - d\j + \)e j+ \ - di )N e N+l 

7=1 
N-l 

— fl — /Mlj — d2j+l)fj+l — ^2,/v//V+l 

7=1 
TV— 1 

- 8i ~ ^(dij - d 3j+l )g j+ i - d 3>N g N+ i. 

7=1 

Qeometry & Topology 10 (2006) 



134 



Karp, Liu and Marino 




e 2 -e 3 e 2 -e4 e 5 - e 6 e N —e N + i ejv+i 



Figure 5: The possible curves in Im(/") 

Suppose that A\ U B\ U Ci C Im(f"). Then /"[H] contains (at least) 3h. Note 
that [F] has no —h terms. Therefore Im(f' ') does not contain any of the curves 
h — e\ —fi , h — e\ — gi, h — f\ — g\. And furthermore each of A\ , B\ and C\ must 
have multiplicity one. 

There are no remaining terms that contain —e\, —f\ or — g\ . Also, since the image 
of/" contains precisely one of A\,B\,C\, we conclude that the multiplicity of terms 
contain positive e\ J\ , g\ must be zero. Thus, lm(f") is contained in the configuration 
shown in Figure 5. 

Now, note that in d the sum of the multiplicities of the e; 's is -2. This is true of the 
curve A i as well. Therefore the total multiplicity of all other e terms must vanish. But 
all other e terms are of the form e, — e,- + i or ej. Since the former contribute nothing 
to the total multiplicity, we conclude that there are no ej terms in the image of f" . 
Therefore lm(f") must be contained in the configuration shown in Figure 6. 
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But lm(f") is connected, and contains h terms. Therefore it can not contain nor be 
contained in any of the three outer parts of Figure 6. Therefore lm(f") C Y N . This 
contradicts our assumption, and therefore at least one of A\ , B\ , C\ is not in \mif") . 

Without loss of generality, suppose A\ <f_ \vaif"). Let d e j, d etg , df jg denote the degree 
off" on the components h — e\ —f\,h — e\ —g\,h—f\ — g\ respectively. Since A\ is 
not contained in the image of /" , we must have 

< d e j + de tg < 3 

as these are the only multiplicities of — e\ terms, and there are no terms containing —h. 

Furthermore, in order for lm(f") to simultaneously be connected and contain — e\ terms 
for i > 1 , it must be the case that lm(f") contains two of 

{ei,ei - e 2 ,ei e N+ {\. 

Thus 

d e j-\- d e ^g = 3, df^g = 

and B\, C\ <£_ Im(f"). This forces \mif") to be contained in the configuration shown in 
Figure 7. 

Again we have that Im(f") is connected and contains —fi, —gj for some i,j > 1. 
Therefore Im^") contains at least one of f\ —fz,f\ — • • • —/n+\ and also at least one 
of g\ — g2, g\ — ■ ■ ■ — gN+\ • But the multiplicity of f\ and g\ in d is — 1 . Therefore 

d e f,d e ,g > 2. 

This contradictions shows that our assumption A\ <£_ \raif") is incorrect. Therefore 
A\ C Im(/")- An identical argument also shows that B\,C\ C \m(f"). However we 
showed above that A\ , Bi , Ci \m(f"). 

This contradiction shows that our original assumption is incorrect. Therefore there 
does not exist a point p £ fmif") such that p Y N . Thus \mif") C Y N , and the result 
holds. □ 

Remark 9 Note that this argument does not hold for general a\,b\,c\. Forinstance, 
it is a fun exercise to show that there is more than one T -invariant configuration of 
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Figure 7: The other possibility for curves in Im(/") 

curves in X in the following classes. 
j3\ =2(h -e\- e 2 ) + (e 2 - e 3 ) 

+ 2{h-f, -f 2 ) + (fi-h) 

+ 2(h - gi - gi) + (g2 - g3) 
(3 2 =4(h -e\- e 2 ) + (e 2 - e 3 ) + 2(h - f x - f 2 ) + 2(h - g { - g 2 ) + (g 2 - g 3 ) 
f3 3 =4(h - e\ - e 2 ) + 4(e 2 - e 3 ) 

+ 4{h-fi ~f 2 )+4(f 2 -f 3 ) 

+ 4(h - gl - g 2 ) + 4(g 2 - g 3 ). 
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4.2 A chain of rational curves 

Proposition 10 Letf: C — ► X N+i represent a point in M g (X N+l ,d), where 

di,i>0, d 2 j = d 3J = 0, j=l,...,N. 
Then the image off is contained in the chain of rational curves 

Y% = A 1 \J---UA N 

defined in Section 3. 

Since Y% does not contain any of the curves fi,, C;, the blowups with centers p\ and q, 
in the construction of X N+l are extraneous. In order to simplify the argument in this 
case, consider the space 

7r 'V+2 ) %N+l w N+l^ j^V TTN^ _ _ _ _7T1^ jp3 

where the construction of X N+i follows that of X N+l , without the extraneous blowups. 
So X' +1 — > X' is the blowup of X' along the point /?,-, where p\ is defined in Section 3. 
Thus, X N+i is deformation equivalent to the blowup of P 3 at Af + 1 points. Since Y% 
does not contain the curves B,, Ci, clearly the formal neig hborhood of Y% in X N+1 
agrees with the construction in X N+l . 

We continue to let Ei be the total transform of the exceptional divisor over /?,• , and e,- be 
the class of a line in Ei . Furthermore, we continue to let H denote the pullback of the 
class of a hyperplane in P 3 , and h be the class of a line in H. Then, {H, £, } is a basis 
for + ) and {h, e\\ is a basis for H2(X N+l ). The non-zero intersection pairings 

are given as follows. 

H ■ H = h H-h=pt 
Ei ■ Ei = -a Ei ■ ei = -pt 

The T-invariant curves in X N+l are shown together with their homology classes in 
Figure 8. 

Proof of Proposition 10 As shown in above, we may use the toric nature of X N+1 
to construct a stable map \f" : S -> X N+1 ] G M g (X N+l , d) such that lm(f") is 
T-invariant, but lm(f") <£_ Y% ■ We show that this leads to a contradiction. 

We study the class /"[S] = d. Note that the multiplicity of the — e\ term is the same 
as that of h. Furthermore, each — e\ occurs along with h, and there are no —h terms. 

Qeometry & Topology 10 (2006) 



Gromov-Witten invariants of configurations of curves 



139 




Therefore Im^") can not contain any terms containing positive e\ , nor can it contain 
any of the curves in class h. Thus, the image off" is contained in the configuration of 
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curves shown in Figure 9. 

Since a\ > 0, it must be that/"[£] contains at least one e; term with non-zero 
multiplicity for i > 1 . Also, lm(f") is connected and so we conclude that the image of 
/ must not contain either of the curves of class h — e\ in Figure 9. 

Now, note that the total multiplicity of the e terms is — 2a\, and that the curve A\ must 
also have this property. Therefore the sum of all other e terms must be zero. Since 
the other e terms are of the form e, — or ej, we conclude that Im^") does not 
contain any of the curves ej. Thus lm(f") is contained in the configuration depicted in 
Figure 10. 



[Ai] = h -ei -e 2 




e 2 -ei e 3 -e4 e 5 - e 6 e N -e N + i 

Figure 10: The remaining possible curves in Im(/") 

However, since X N+i is connected and contains h, we conclude that Im(f") C Y% . 
This contradiction shows that our original assumption is incorrect, and that the result 
holds. □ 



5 Mathematical theory of the topological vertex 

Let 

(19) X N+l WN+i > X n n2 > X 1 7r ' > X° = P 3 

be the toric blowups constructed in Section 3. Let Y N C X N+l be the minimal trivalent 
configuration, and let Y N be the formal completion of X N+1 along Y N . Then Y N is a 
nonsingular formal scheme, and M. g (Y N , d) is a separated formal Deligne-Mumford 
stack with a perfect obstruction theory of virtual dimension zero. It has a virtual 
fundamental class when it is proper, which is not true in general. 
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5.1 Formal Gromov-Witten invariants of Y N 

In (19) T = (C x ) 3 acts on X^ and the projections ttj are T-equivariant, so Y N is a 
formal scheme together with a T-action. The point so = A\ Pi B{ Pi C\ is fixed by the 
T-action, so T acts on T So X° and A 3 T So X°. Let S be the rank 2 subtorus of T which 
acts trivially on A 3 T S(t X Q . The union of one dimensional orbit closures of the T-action 
on X-i is a configuration of rational curves, which corresponds to a graph (see Figure 
11). 





Figure 11: Configurations of T-invariant curves 

The S-action on X-i can be read off from the slopes of the edges of the graph associated 
to Z-' .More precisely, let A§ = Hom(§, C x ) be the group of irreducible characters of §. 
If we fix an identification § = (C x ) 2 then an element in A§ is of the form Sj s\ where 
(si, s%) are coordinates on (C x ) 2 and p,q G Z. The line segment associated to C = P 1 
is tangent to (p, q) G Z © Z if the irreducible characters of the S-actions on T X C and 
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T y C are ^[s q 2 and s { p s 2 q (see Figure 12). Similarly, the S-action on Y N can be read 
off from Equation 5.1 in Section 5.5. 

y 

(-p, -q) 

x '(P. 9) 

Figure 12: The S-action can be read off from the slope 

Let u\ , u% be a basis of H^(pt, Z) so that H^(pt, Z) = Zwi © Z«2- For any nonzero 
effective class d (dij > 0), define 



A priori N^(Y N ) is a rational function in «i , «2 with Q coefficients, homogeneous of 
degree 0. By results in Li-Liu-Liu-Zhou [22], N$(Y N ) 6 Q is a constant function 
independent of «i , «2 ■ We call N\(Y N ) formal Gromov-Witten invariants. For the cases 
(i)-(iv) described in Section 1 , 

_ 1 

[M g (X N + 1 ,d)]™ 

1 



[M g (x N + l ,df]™ en(N vu ) 
1 



'[X s (? A ',d) s ]™ es(N vir ) 
= N g A (Y N ). 

As in Section 1, introduce formal variables A, and define a generating function 
(20) F N (X; t) = X)E A 2 *- 2 ^(F i V d t 

g>0 d 

where 

3 W 

t = (tl , t2, t3), tj = , . . . , fyjv), d • t = ^i'/fV- 

The partition function of the formal Gromov-Witten invariants of is defined to be 

Z N (X;t) = exv(F N (\;t)), 
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By connectedness and cyclic symmetry, we only need to compute N^(Y N ) in the 
following cases (see Equation 5.1): 

(Dl) d = (di,0,0), dij > for j < k and dij = for; > k, where 1 < k < N. 

(D2) d = (di,0,0), d\j > for k\ < j < k 2 and d\j = otherwise, where 

2 < h < k 2 < N. 

(D3) d = (di,d2,0), di jin > for m < j and d\^ m = for m > j, di >n > for 
m < k and d2, m = for m > k, where 1 <j,k<N. 

(D4) d = (di,d 2 ,d 3 ), d^ > for j < k t and dij = for j > k ( , where 1 < 
k\MM < N. 

Any other N^(Y N ) is either manifestly zero (because M. g {Y N ', d) is empty) or is equal 
to one of the above case. Let 




Figure 13: Four cases 



4(A;ti), F 2 N (\;U), F 3 N (X;t h t 2 ), F 4 N (X;t) 
denote the contribution to F#(A;t) from (Dl), (D2), (D3), (D4), respectively. Then 

3 3 

F N (X;t) = ^^(A;t ; ) + ^^(A;tO 
(=i t=i 

+F 3 N (X; ti , t 2 ) + F 3 N (X; t 2 , t 3 ) + F 3 N (X; t 3 , U) + F 4 N (X; t). 
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5.2 Summary of results 

Let C g be defined by 

as before. Then 



' f/2 w 



2g 



" g * Vsin(?/2) 

g=0 



where 



A n[n? 
g>o L J 



[„] = q n / 2 - q- n / 2 , q = e ^ X . 



In Section 5.5, we will compute Ni (Y N ) by the mathematical theory of the topological 
vertex and obtain the following results. We will do the computations by the physical 
theory of the topological vertex in Section 6. 

Proposition 11 Suppose that 

di = (di, . . . ,d N ), d 2 = d 3 = (0, . . . ,0). 

where d\ > 0. Then 

d] =d2 = -- -=dk = n>0 and 



N g JY N ) 



dk+\ = du+2 = • • • = dfj = Ofor some 1 < k < N 



(fi.iH— •+fu) 



otherwise 
which is equivalent to 

(2D ^( A ;ti) = E^i2 E e ' n 

^-^ n\n\ L ^-^ 

?;>0 L J l<k<N 

Proposition 1 1 is equivalent to Theorem 2. 

Proposition 12 Suppose that 

di = (di, . . . ,d N ), d 2 = d 3 = (0, . . . ,0). 

where d\ = . Then 

2g _ 3 dj = n > Ofor k\ <j< k 2 and 
N g A (Y N ) = { ~ gH dj = otherwise, where 2<k { <k 2 <N 

otherwise 
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which is equivalent to 

(22) jfcAjt,) = E-na E 

n>0 2<k } <k 2 <N 

Proposition 12 corresponds to a chain of (0, —2) rational curves. 

Proposition 13 Suppose that 

di = (n,0,...,0), d 2 ,i>0, d 3 = (0,...,0) 
where n > . Then 



ivf (F) = < 



dk+\ = d 
otherwise. 



8 

dk+i = dk+2 = ' ■■ = dfi = Ofor some 1 <k <N 



Proposition 14 Suppose that d^i > 0. Then N^(Y N ) = unless 

di.\ > di } 2 > ■ ■> difl. 

Proposition 15 Suppose that 

di > j < ki 
v j > k 

where i = 1, 2, 3 and 1 < ki < N. Then 



dij 



rh) 3v« rv^ - / c s" 2g ~ 3 d l =d 2 = d 3 =n>0 

Proposition 14 and Proposition 15 are consistent with Theorem 1. 
Let N = 1 in Proposition 1 1 and Proposition 15, we get 



Corollary 16 

where t = (fi , ?2, £3) and 

g^t) = + e ~ ntl + e~"' 3 — e~ n< - t[+t2 ^ — e~ nt ~ t2+t ^ — + e - n (n+t 2 +t 3 ) ^ 
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Finally, we will derive the following expression of Zv(A; t), where the notation is the 
same as that in Section 1 : 

Proposition 17 

3 3 

Z N (X;t) = exp(j2F 2 N (X;ti)\ ^W^q)f[(-l)^\-^ l s W (^qM- 

S=i ' ft i=i 

where 

n\n\ z 

n=\ 2<ki<k 2 <N 

In particular, when W= 1 we have 

F 2 (X; tj) = 0, s (fl iy(u'(q, t,-)) = WVy(g), 
which gives the following corollary. 

Corollary 18 

3 

Zx(A;t) = ^W / j(g)[](-l)^'le-^ , >'W (/ ,-y(^). 

/2 (=1 

where t = (fi, *2, 

Equation (6) in Section 1 follows from Corollary 16 and Corollary 18. 

5.3 Three-partition Hodge integrals 

Three-partition Hodge integrals arise when we calculate 

gsv N } ' ' 



by virtual localization (see Li-Liu-Liu-Zhou [22, Section 7] for such calculations). We 
recall their definition in this subsection. 

Let wi,m>2,W3 be formal variables, where W3 = —w\ — W2- Let W4 = W\. Write 
w = (wi, w 2 , W3). For fl = (n\fi 2 , /i 3 ) / (0, 0, 0) = 0, define 

3 

4 = 0, 4 = vx 4=V)+V), m = Y,^- 

(=1 
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The three-partition Hodge integrals are defined by 

(23) G g ^(w) = [[[[ 

where 

A^(m) = m* - An** -1 + • • • + (-l) g A ? . 

Note that G g ,p(w\ , W2, W3) has a pole along w,- = if / 0. The following cyclic 
symmetry is clear from the definition: 

(24) G g ^^^{ Wl ,w 2 ,w 3 ) = G gtlx 2^^(w2,w 3 , Wl ) 
Note that 

(M G gj/ r(w) e Q(wi,w 2 ,w 3 ) 

is homogeneous of degree 0, so 

G g ^(wi,w 2 , -m -w 2 ) = G g jl (l, —,-1 ). 

Introduce variables A, p l = (p\,p 2 , ■ ■ ■), i = 1,2, 3. Given apartition \i, define 

P'fM =Pl ' ' '/^(/i) 

for i = 1, 2, 3. In particular, = 1 . Write 

p = (p\p 2 ,p 3 ), Vp=p) ll p 2 ll 2pl ? . 
Define generating functions 

00 

Gp(X; w) = ^A^+^G^w), 
g=o 

G(A;p;w) = ^G^(A;w)p^, 
G*(A;p;w) = exp(G(A;p;w)) = 1 + ^G^(A;w)p^. 

In particular, 



^,0,0(1,0, -1) 



0, i(p) > 1. 
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where 

h -J h 8 = °> 

8 ~ \ /**„, ti 8 -\ 8 > 0- 

It was proved by Faber and Pandharipande [10] that 

(25) y b & = 

So 



(26) G (n)M (X; 1,0,-1) 



2«sin(Aw/2) «[«] 
Similarly, we have 

(27) G (n)i0>0 (A; 1,-1,0) = ^-^. 

«[«] 

The following formula of three-partition Hodge integrals was derived in Li-Liu-Liu- 
Zhou [22]: 

(28) Gfc(A;w)= £ ft (V'" X " (//) )HV(,). 
In particular, 

(29) G" )0i0 (A;l,r-r-l) = ^ 

(30) G; v20 (A;l,r,-r-l) = ^^^^K^-^"^,,,,,^). 

\u'\=w\ v v 

Equation (29) is equivalent to the formula of one-partition Hodge integrals conjec- 
tured in Marino- Vafa [28], which was proved in Liu-Liu-Zhou [25] and Okounkov- 
Pandharipande [29]. Equation (30) is equivalent to the formula of two-partition Hodge 
integrals proved in Liu-Liu-Zhou [24]. 



5.4 Relative formal GW invariants of the topological vertex 

Symplectic relative Gromov-Witten theory was developed by Li and Ruan [19], and 
Ionel and Parker [15, 16]. The mathematical theory of the topological vertex in [22] is 
based on Jun Li's algebraic relative Gromov-Witten theory [20, 21]. 
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Given a triple of partitions ft = (p 1 , /x 2 , p?) / and a triple of integers n = (n\ , «2, "3), 
let 

be the disconnected relative formal GW invariants of the topological vertex defined in 
[22]. Introduce variables A,pj as in Section 5.3, and define generating functions 

Fl(\;n) = E A ~ X+ ^X^ n ) 

x 

F'(X;p;n) = l + ^Ft(A;n) P £ 
F(A;p;n) = log(F"(A;p;n)) = ^F^(A;n)p^ 

m 

CO 

^(A;n) = £ A 2 ^ 2+ ^F g ^(n). 

By virtual localization, F g ^(n) can be expressed in terms of three -partition Hodge 
integrals and double Hurwitz numbers. We have 

(31) i^(A;n) = 



where 



(32) C„(A) = £lT w -— — = y: 



W; 



is a generation function of disconnected double Hurwitz numbers H' v . Equations 
(28), (31), and (32) imply 



(33) ^(A;n)= £ (^^^) WW*), 

Note that the w dependence on the right hand side of (31) cancels and the right hand 
side of (33) is independent of w. Since $'^(0) = Sv^/z^, we have 

r M A^,^) = (-l)^i*- 1 M(-V=T) < « ) £ G',(X; Wl , W2 ,w 3 ). 

W\ W2 W3 ^-^ 
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Also F'JX;n) is independent of n,- if a' is empty. 

(34) F g ^ u (0,n 2 ,n 3 ) = (-\)M(-^l)^ Gg ^ u (l, 0, -1) 

(35) F giAW0 (-l,O,n 3 ) = (-l) IH (-\^T)^ )+£(iy) G,^,,,0(l,-l,O) 

From (26), (27), (34), (35) we conclude that if fj, / then 

f (-ly-'v^T 

(36) F M i0 (A;O,?i2,«3) = 



— m — ^ = (n) 
> 1. 



(37) F u,0,0(A;-l,n 2 ,/i3) 



/i = (n) 



[ > 1. 

If ^ 0, v 7^ then (see Liu-Liu-Zhou [24, p7] for details) 



I fj, = u = (n) 
otherwise. 



(38) F^ (A;-1,O,« 3 ) = 

We also have 

F (1))(1)>0 (A; 0,0,0) = -1, F(i )i( i),(i)(A; 0,0,0) = -V=T[1]. 



5.5 Computations 

The S -action on Y N can be read off from Equation 5.1 as explained in the first two 
paragraphs of Section 5.1. 

We now degenerate each P 1 into two P 1 's intersecting at a node. The total space 
of the normal bundle 0(n) © 0(—n - 2) degenerates to 0(a) © 0(—a - 1) and 
0(b) © 0(—b — 1) with a + b = n. For each node we introduce a pair of framing 
vectors to encode the S-action (see Figure 5.5). We refer to [22, Section 4] for details. 

The framing here corresponds to the framing of Lagrangian submanifolds in the article 
by Aganagic, Klemm, Marino and Vafa [2] and the framing of knots and links in 
Chern-Simons theory. In Section 5.5, all the P 1 's have normal bundles 0(— 1) © 0(— 1) 
or O © C(-2); in Figure 15, all the P 1 's have normal bundles O © O(-l). 

Using the connected version of the gluing formula [22, Theorem 7.5], we have 

3 efjj,') n 

F 4 N (X;t) = £ ^(A;0,0,0)niIE^ aM+ '" +?a) 

\n'\>0 (=1 7=1 k=l 

• ^j 7r (^),(^),0(- 1 > °> 0) J /4F (M i )j0)0 (A; 0, 0, 0) 
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Figure 15: Degeneration of Y N 
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So 



(39) i4(A;t) 



y: ^(a ; o, o, o) nc-D'^'c-v^i)^ n ( A e ^ 



-ti, k ) 



In particular, using i^i^i^i^A; 0, 0, 0) 
rem 1. Equation (39) is equivalent to 



-1[1] and (39), we can recover Theo- 



(40) F 4 N (X;t) = X) F^(A; 0,0,0) JJC-D^V^V^^ti) 

where u'^(q; t,)'s are defined as in Section 1.3, and 

?>(A; 0,0,0) = (-1)ELiIm ! I^ ( %(A; 0,0,0). 

Similarly, 

2 

(41) 4(A;t!,t 2 ) = ^ F M i )/i2j0 (A; 0,0,0) JJC-D^e-l^l^ 1 ^-^; t0- 



l^i |>0,|/x 2 l>0 



4(A;t0 = ^F Mi0i0 (A;O,O,O)(-l)^-^"-' M ^; tl ) 

= E f ^.0( A; °> °> OX-D^i-^f^e-^u^q; ti) 



C-iy-V-i. 

n[n] 



So 

(42) ^ t i) = E^E^ 

This proves Proposition 1 1 . 



(ti,i+-+h,k) 



nSriy 

n>0 k=l 



F 2 N (X;U) = ^F (n))0;0 (A;-l,O,O) ( E 



n>Q 



e ~n{t\,k v -\ Ki,* 2 ) 



y^ (-l)V£T (-I)"-' /tt 



[n] 



2<jti<&2<A' 

g-nCh^H Ni^j) 



2<ki<k 2 <N 
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So 

oo . 

(43) F 2 N {X;U) = E -F^2 E e-"^+- + '^ 

n\nr ^— ' 

n=\ 2<ki<k 2 <N 

This proves Proposition 12. 

From (40), (41), and (42), it is clear that if d it i > 0, then N 8 d (Y N ) = unless 

di,i > d ifl > ■■■> d iyki > 0. 

This proves Proposition 14. 

Let Fft(\; t\ t \, t 2 ) be the contribution to F^,(A; ti , t 2 ) from the case in Proposition 13. 
To compute F^(A; t2), we consider the degeneration in Equation 5.5. 




Figure 16: Another degeneration 

We have 

^(A;*i,i,t 2 ) = ^2F (n)M (-\,0,0)nF (nUn)fi (-\,0,0) 

N 

S^W^C-l, 0, 0)) k ~ l nF {n)M (0, 0, 0)e-"^-"^+-+M 

= y- (~l)"\/ r T _ (-rfA/^T /y> g _ nfll _ n(f21+ ... +M 

n>0 A:=l 

So 

(44) J$(A;f M ,fe) = £ e -*M-«te.i+"-+M 



n=l &=1 



Proposition 13 follows from (44). 

Qeometry & Topology 10 (2006) 



154 



Karp, Liu and Marino 



We now prove Proposition 15. Suppose that djj = d, > for j < kj and djj = for 
j > kj, where i = 1, 2, 3 and 1 < ki < N. From (41) and (40) it is easy to see that 



v di,d 2 ,0^ > — ly d u d2,Q K h 
Recall that 

where N di dldj {Y l ) are given by Fact 3. Proposition 15 follows from Proposition 13 
and Fact 3. 

Finally, we prove Proposition 17. Let 

3 

F' N {\; t) = F N {\; F N&> t0- 

Then 

3 

F' N {\;t) = ^F ^^ (A;0,0,0)^(-l)^V^'l ^ ^'<,(^;t , ). 
It was proved in [22] that 

(45) Fl(X; 0,0,0)= £ w^)J]^^ 

So 

3 

ex P (F^(A;t)) = w (^y,(^y,(^y(9> Il(-i) l ^ l «~ l ^ l *- 1 ^(« , "(g > **)) 
p i=l 

3 

= ^w/2(?)n(- i ) |Mi|e-iM ' >i ' ij (M i )'(^ ) t ! -)) 

/I i'=l 

where s^(u'(q, t,))'s are defined as in Section 1.3. We conclude that 



exp(F N (X; t)) 



exp^ F 2 N (X; t,0) W M ]J(-l) W e-^s^y(uXq, t,-)). 

(=1 p, i=\ 



This completes the proof of Proposition 17. 
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6 Physical theory of the topological vertex 

In this section, we compute the local Gromov-Witten invariants considered in this 
paper by using the physical theory of the topological vertex. Typical computations in 
this theory involve formal sums over Young tableaux, and in some cases, like the one 
considered here, it is more convenient to use the operator formalism on Fock spaces. 
After a short overview of this formalism, we will use it to compute the partition functions 
for local Gromov-Witten invariants. 



6.1 Operator formalism 

We introduce: 

where a n satisfy the commutation relations 

[a m , a n ] = mS m+n ,o, 

and for n > 0, a n \0) = 0. The dual vector space is obtained by acting with the 
operators a n on the state (0| , and the pairing is defined by (0|0) = 1 . One then finds, 

{Pn\Pv) = Zm<W' vfyK) = <W- 
The coherent state 1 1) is defined as 

n=\ fi ^ 

where 

tfi = t^- ■ ■ tfinn) 

and one has 

n=l 

The elements , where /j, is a partition, span a vector space H that can be identified 
with the ring of symmetric functions A in an infinite number of variables, and therefore 
it inherits a ring structure from A . This identification can be made by considering the 
map 

lv) = 5 mW, 
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where gives the Schur function after identifying t n = p n = x" + x 2 + ■ ■ ■ ■ 
Given a coherent state |f) , it is useful to define the coherent states 

\n, \t c ), \t) 

where 

£ = (-l)" +1 f n , 4 = -tn, i = (-1)%. 

Using Xn'( u ) = ( — l)' iy ' + ^ iy) /tAt( zy ) it is easy to show that 

(46) ^) = V«- s^) = (-l)^(t). 

The ring of symmetric polynomials is endowed with a coproduct structure (see for 
example Macdonald [26, Ex. 25 of 1.5]) 

A: A -> A 8) A 

which is a ring homomoiphism, and is defined by 

AOa) = X/Vm® V 
The nth power sums /?„ are primitive elements of A under this coproduct, and one has 

Apn = Pn <8> 1 + 1 <8>Pn- 

We then have a inherited coproduct A : H —>■ TL ®TL, and it is easy to see that it acts 
as follows on coherent states: 

A(|t)) = \t) ® \t). 

This gives the following identity, which will be useful in proving Proposition 19: 

(47) ^2s fJ ,(t)\s tl/u )(s u \ = \t)(t\. 

We need now explicit expressions for W M (g) and W^iq) in the operator formalism. 
Using (9), one immediately finds 

(48) W,(q) = S ,W), 0n=^= gn/2 ^ g _ n/2 , 
therefore 

(49) ^W^)|^) = |/3), 

where \(3) is a coherent state with 0„ given in (48). One can then write 
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We introduce the operator q ±K l 2 defined by 

q ±K/1 \s li ) = q ±K »' 2 \s„). 
We also define an operator W as 

VM?) = {s„\w\ s „}. 

In the proof of Proposition 19, we will need an explicit expression for 

{t\q~ K / 2 Wq- K/2 \t), 
where \t), \t) are coherent states. Using (12) one finds 

(t\q^ 2 Wq- K / 2 \t) = Y,y~ K " /2 ~ K " /2W ^ S ^ S "® 



= Yl s^n{[3\ s ^ u ){s (J \s T ){s u/T \(3)s v cn 
= (p\n(nn(r\(3), 

where in the last step we have used (47) twice. The last quantity is expressed solely in 
terms of products of coherent states, and we finally find 

(50) (t\q-*l 2 Wq-*/ 2 \l) = expf V ( ~ 1) " +lfa+7 " ) + ^ 

V^— ' n[n] n 

This result was previously obtained, in slightly different form, by Aganagic, Dijk- 
graaf, Klemm, Marino and Vafa [1], and Zhou [34]. It is also possible to compute 
(t\q~ K ' 2 Wq~ K ' 2 \s n) by following the same steps. One finds 

(t\q- K / 2 Wq-^ 2 \s^) = (flOj^v^Mn. 

V 

The sum over the representation v can be performed explicitly by using the following 
formula (see Macdonald [26]): 

V 

where x, y are variables of the Schur polynomials. We then find 

C_i y+i 

(51) (t\q- K / 2 Wq- K / 2 \s^) = (f3\t") Sll (u n ), u n = V ' + t n . 

[n] 
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6.2 The closed topological vertex 

The physical theory of the topological vertex [2] gives the following expression for 
Zi(A;t): 

Zi(A;t) = 

where t = (t\, t%, and in the last step we have used 
In this subsection, we will prove (6) in Section 1: 



Proposition 19 



v n=l L J 7 



where 

j2„(t) = e - "' 1 + e - "' 2 + e~ n ' 3 — e~ n< ~ tl+t2) — e ~ n( - t2+t ^ — e ~ n ^ h+t ^ + ^"^i+^+h) 

Proof 

Zi(A;t) = 

E w (m' ) f teO (-V)' |W|v>W w (m 3 )' te) c py 1 ^' ^ ("V 1 w 1 V ^ 

I 2 3 

Mi Mi Mi 

P,P [ ,p 3 ,p' . e -|M'ki(_l)lM'l . g-|M 2 k2(_l)lM 2 | . e -|M 3 |f3(_l)lM 3 | _ 

(52) E(-l)l^\H^I^( Vy |w(^^-l)l^\-l^l f 'W (Atly (^)|, pl )^l 

H 2 P,pV 

(E <y(-D l/i3| e-^ 3 l' 3 W (M3y (^)|v)(vl) W V| 
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Here we have used the explicit expression for the topological vertex (8) and the identity 
(10). We now write 

£c£ pl (-l)l'VI^W^)| V )< J/ ,| 

= ^(-l)W e H^W^)IVp>W 
= ^s^u c -)\s^ /p ){s p \ 

(53) = |m c )(m c |, 
where 

(54) u n = e- nti (3 n . 

and in the last step of (53) use has been made of (47) and of the fact that, under t n — > a?„ 
one has 

s M (af) = fl lAi| J M (f). 
Following the same steps for the second bracket in (52) one finds, 

ZKA;t) = ^(-l)^ e -l^^( V |W| M 0(" C |v C )(v C |W|^). 

with 

(55) v„ = e- nt 'f3 n . 
Notice that 

\u<) = Y,{-^e-\^W^{q)\s,), 
n 

and using again that W fJL t(q) = q~ K ^^ 2 W^{q) one can write 

|„C) =q- K ' 2 \ut). 

We have similar equations for |v^) . Since (w^|v^) is a product of coherent states, we 
only have to evaluate 

^(-\)Me-M t ^v^q-^ 2 Wq- ,^ / 2 \sp)(s |Ml \q- K / 2 Wq-^ 2 \^), 
n 

where we used that k m = — «y . The last step involves writing 

/ 00 „-nt2 \ 

(56) g, )v) = exp — ® a ( _ 2 > |0>i ® |0) 2 

p V n=\ 11 J 
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which is an element of 7i\ ® H2, and we have introduced explicit indices 1, 2 to label 
the factors in the tensor product. We first take the scalar product of this state with 
(v^\q~ K -l 2 Wq~ K l 2 G H* to obtain a state in H.2- In order to do that, we can regard 
(56) as a coherent state with t„ = —e~ nt2 a_ n , therefore we can use the formula (50) to 
obtain the element in H2 



exp -J2 



n[n] 2 

n=l 



where \w) is a coherent state in TL2 given by 

w n = (-l) n+1 p n e- n He' n ' 3 -1). 

The remaining step is to compute (w\q~ K / 2 Wq~ K / 2 \u^) , which can be done again with 
the help of (50). Collecting all terms, one finds 



(57) 



r 00 1 

Zi(A;t) = exp - V —^e^ 1 + + 
[ ^ n[nY 



_ £ -n(t 2 +h) _ e -n(t 3 +h) _|_ e -n(ti+t 2 +t 3 )^ 

This completes the proof. □ 



6.3 A chain of rational curves 



Let Fjy(A;ti) be defined as in Section 5.1, where N > 2. It can be viewed as a 
generating function of formal Gromov-Witten invariants of a chain of (N — 1) rational 
curves with normal bundles O © C(— 2). In this section, we will compute 

ZN(qUi,2, ■ ■ ■ ,hj/) = exp(F^(A;ti)) 

using vertex techniques. 
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We have 

(58) Z N (q; ti^, ■ ■ ■ , hjf) 



N+l 



E II ^- 1 y,0,i«'(9)9" v/2 «" 

fj, 2 ,...,/i N i=2 

N+l 



where /i 1 = // JV+1 = 0. Using the above techniques, in particular (49) and (46), we can 
write the above expression as 

N 



Z 2 (q; f 1>2 , . . . , t hN ) = (u 2 \ (j\ q-^ 2 Wq- K / 2 o}j 



u N+l ) 



v ('=3 

where \u 2 }, \u N+l ) are coherent states defined by 

2 _ ( _i)»+i e -»/.,2 w+1 _ (_!)»+! 

M ' " w 

and 

0,- = Elv)^ lM,| "''(vi i = 3,--- ,N. 

We first compute 

(u 2 \q- K / 2 Wq- K/2 2 , 

which is an element of TL* . We proceed as in the computation following (56) above, to 
obtain 

(u 2 \q- K / 2 Wq-^0 3 = exp ]T (« 3 |, 

N n=l ' 

where (m 3 | is a coherent state defined by 

u 3 - e~ ntl ' 3 (u 2 + 
" " " V " W 

We can now compute Z^(q; t\^, • • • , H,n) recursively, defining the coherent state \u l ) as 

/ 00 c_n"+i \ 

^"V^Wr" 72 ^ = exp V ^V<~ 1 (4 

y-^ n[n\ J 

n=l ' 

where 

(59) b* = e-' lf '-' fa*" 1 + ^j^) , «' = 3, • • • ,N. 
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One then finds, by using (50) repeatedly, that 



/ 00 C_1 v i +i N ~ l v 1 \ 
Zliq;H, 2 ,...^ N ) = exp E L 4V E < + E « + M 



%=1 J (=2 7 



The recursion relation defining wj, is easily solved 



^ e _„ (tl . + ... +fli) ^ i = 2> ... 



[n] 

7=2 

and putting everything together we finally obtain 

f 00 1 

Z^;/ 1 , 2 ,...,M = exp E 

l -n=l 2<(<;< 

or equivalently, 

00 1 



e -n(fi,i+-+fi > /) 



</'<W 



n=l 2<i<j<N 



e -n(h ti +-+t lJ ) 



which agrees with (22). 



Notice that the non-trivial Gopakumar-Vafa invariants for this geometry occur for 
Kahler classes which are in one-to-one correspondence with the positive roots of the 
Lie algebra A^-i- 



6.4 Minimal trivalent configuration 

Let us finally consider the minimal trivalent configuration. We will allow the three 
chains of P 1 's to have different lengths Ni,N2,N?,: 

Y N M= (J AiU J BjU J C j. 

l<i<Ni \<j<N 2 \<k<Ni 

So we have 

d = (di, d 2 , d 3 ), d, = {d it \ . . . , d i)Ni ), 

t = (tl , t2, t3), t; = (fyl , . . . , tiflf), 

and we define 

L J k=2 
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The rules of the topological vertex give the following expression, 

. U JJ ? -V-^ 2 >V M w-- 1)/i .v(?)^Vv/2 (9)e -|^>.v 

where [j}' Ni+l = 0. We will show that this expression can be simplified as follows: 
Proposition 20 

, oo 3 v 

(60) Z W3 (A;t) = exp £ — ^ £ e~ n ^+~+<uhA 

\ n =\ i=l 2<k,<k 2 <Ni ' 

3 

^ (=i 

Equation (5) in Section 1 corresponds to the case Ni = N2 = N3 = N . 

Proof The sum over the partitions /Jj , 2 < j < Nj , can be performed by following the 
same steps that we made before, and making use of (51). After writing /x'' 1 — > (/j,')' , 
the resulting expression takes the following form: 



f 00 c_iv , + 1 3 Ni 1 
(61) Z/v 1 , W2 ^(A;t) = exp|E4 [ ir^? V;y ) 



V 7+l 3 N i 

— YV 

n=l /=1 7=2 

3 

/J 1=1 

'■J 



In (61), the variables v„ are defined recursively by 

_ (-l)"+i e -"M,- 



1 U^^^ ) 7 = 3 A', 



[b] 

/V 4. il 

[n] 
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The recursion defining v„ can be easily solved: 



k=2 

Therefore 

3 



[n] 



Ni 



(62) 



V „_ 1 L J ;_i n^- ;^h^\J. ' 



- n =\ 1=1 2<j<k<Ni 

3 

/J r'=l 

Recall that 

so (62) is equivalent to (60). □ 



The closed topological vertex (Section 6.2) and chain of rational curves (Section 6.3) 
can be obtained taking limits of Z^ 1i w 2i a? 3 (A; t): 

(1) Let tij — ► oo for i = 1, 2, 3, j > 2. One has 

v'J = 0, i = 1,2,3, j>2. 

and u' n = j3 n for i = 1,2,3, so s^i{u l ) = W^{q) = q K)ii ^yV^yiq) and 
ZjVi,Ar 2 ,iV3 (A; t) becomes the closed topological vertex. 

(2) Let ?,j — » oo for i = 2, 3, and t\ t \ — > oo. We recover a chain of spheres with 
Kahler parameters t\^, ■ ■ ■ , . 

Unfortunately, the sum over partitions in (62) can not be evaluated in close form as we 
did before. In fact, explicit computations show that Z^ l ^ 2 ^ i (X\ t) involves Gopakumar- 
Vafa invariants at higher genera, and seem to indicate that there are infinitely many 
degrees djj for which the Gopakumar-Vafa invariants are non- vanishing. If we write 
Zjv li Ar 2i A? 3 (A; t) in the Gopakumar-Vafa form 

l=\ g=0 d ' 
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where d • t = YlijdijUj, then, for N = 2 we find for example 

n (l,l),(l,l),(l,l) - ' 
"(2,1),(1,1),(1,1) -1) 
"(1,0),(2,1),(2,1) — z > 
"(1,1),(2,1),(2,1) — — z ; 
"(2,1),(2,1),(2,1) 

and they vanish for g > 0. Due to the cyclic symmetry of the configuration, the same 
values are obtained for cyclic permutations of the three sets of degrees. 

If, say, t$j — ► oo for j > 1 , so we have two lines of spheres joined by a two-vertex, 
then one can perform the sum over one of the two remaining partitions. This is because 

W0 )W)W (g) = W li 2 t Q i iy(q)q K ' ll/Z , and (61) reads 

2 Ni 



Z Nl ,* 2 (A; tl , t 2 ) = expjE ^-A- EE^'j 



•n=l ,=1 y=2 

(-1)5^=1 lM'lg-^=, ^^.^^(^-V/^^^y^KM 1 ). 

Using again (51), and relabelling /i 1 -> /t, we finally obtain 
Z NlM X;t utl) = exp(f <^(vj' + + ^ ) 

V n=l L J (=1 7=2 7 

E<? _ ^ /2 (-l) l ' t| e~ ri ' l|A4| ^>A«(" 1 )> 



where 



C _1W~ nf 2,l 1 1/^1 

2 1 v 1 -' e ^2 1 -nfci . 2 1 

" " M ' n ~W "~[n] 



I 1 _ ^ e -n(t 2j i+-+t2, k ) j 

^ jfc=l ' 



We conclude that 
Proposition 21 

Z jVl)7V2 (A;ti,t 2 ) = exp( F^ 2 (A;t 2 ) +F^(A;ti) +F4(A;t 2 ) 
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where 

F 2 Ni (X;td 
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